We present perfect fluid Friedmann-Robertson-Walker quantum cosmological models in the presence of negative cosmological constant. In this work the Schutz's variational formalism is applied for radiation, dust, cosmic string, and domain wall dominated Universes with positive, negative, and zero constant spatial curvature. In this approach the notion of time can be recovered. These give rise to Wheeler-DeWitt equations for the scale factor. We find their eigenvalues and eigenfunctions by using Spectral Method. After that, we use the eigenfunctions in order to construct wave packets for each case and evaluate the time-dependent expectation value of the scale factors, which are found to oscillate between finite maximum and minimum values. Since the expectation values of the scale factors never tends to the singular point, we have an initial indication that these models may not have singularities at the quantum level. In the quantum cosmology the Wheeler-DeWitt (WD) equation which determines the wave function of the Universe, can be constructed using ADM decomposition of the geometry [7] in the Hamiltonian formalism of general relativity. However, quantum cosmology has many technical and conceptual problems. In fact, the WD equation of quantum gravity is a functional differential equation defined in the superspace which is the *
space of all possible three dimensional spatial metrics, and no general solution is known in this superspace. In quantum cosmology this problem is avoided by using symmetry requirements to freeze out an infinite number of degrees of freedom, leaving only a few for quantization process. This procedure defines a minisuperspace, where exact solutions can often be found. On the other hand, the general covariance will be lost upon applying the ADM decomposition, and in most cases the notion of time disappears at the quantum level [8] . Even, if all these problems are solved, the interpretation of the central object, i.e. the wave function of the Universe, remains unanswered.
The many-worlds interpretations [9] of quantum mechanics is one of the most popular interpretation schemes for the wave function of the Universe. This interpretation differs noticeably from the Copenhagen interpretation of quantum mechanics since the conception of probability is abandoned in some sense. In fact, all possibilities are participated to create new Universes with different possible eigenvalues obtained by measurements. The evolution of observables such as scale factor is found by evaluating the expectation values. In this case, like in the Copenhagen interpretation, the structure of Hilbert space and self-adjoint operators are still unchanged.
The presence of the matter in quantum cosmology needs further consideration and can be described by fundamental fields, as done in Ref. [10] . Using WKB approximation one can predict the behavior of the quantum Universe which leads to determination of the trajectories in phase space. However, even in the minisuperspace, general exact solutions are hard to find, the Hilbert space structure is ambiguous and it is difficult to recover the conception of a semiclassical time [8, 10] .
Here, we consider matter as a perfect fluid. This description is basically semiclassical, but it introduces a variable, which can be identified with time and connected with the matter degrees of freedom, leading to a well-defined Hilbert space structure. Moreover, this allow us to treat the barotropic equation of state p = αρ with arbitrary α.
It is very convenient to construct a quantum perfect fluid model. Schutz's formalism [11, 12] gives dynamics to the fluid degrees of freedom in interaction with the gravitational field. Using a proper canonical transformations, at least one conjugate momentum operator associated with matter appears linearly in the action integral. Therefore, a Schrödinger-like equation can be obtained where the matter plays the role of time. Moreover, recently, some applications of the Schutz's formalism have been discussed in the framework of the perfect fluid Stephani Universe [13, 14] and Friedmann-Robertson-Walker (FRW) Universe in the presence of Chaplygin gas [15, 16] .
Until now, quantum perfect fluid models with common equations of state have been constructed in the absence of cosmological constants [17, 18, 19, 20, 21] . We can study the behavior of the scale factor using the many-worlds and the de Broglie-Bohm interpretations of quantum mechanics.
Recently, the quantization of FRW radiation dominated Universe in the presence of a negative cosmological constant is discussed by Monerat et al [22] . However, as mentioned in Ref. [23] , their results are inaccurate and their relative errors range between 10 −3 for the ground state of k = 1 case, and 1 for the ground state of k = −1, which make their work unreliable. Here, we generalize the previous investigations by studying quantum perfect fluid models for barotropic equation of state p = αρ, where α = {1/3, 0, −1/3, −2/3} correspond to radiation, dust, cosmic string, and domain wall dominated Universes, respectively. Using the many-worlds framework, the behavior of the scale factor is determined, although the results are independent of the interpretation scheme employed. The large time average of the expectation value of the scale factor is similar to the classical case.
Moreover, the model predicts an accelerated expansion today if −1/3 > α > −1.
It is important to mention that although recent observations point toward a positive cosmological constant, it is still possible that at the very early Universe the cosmological constant be negative. Moreover, we think it is important to understand more about such models which represent bound Universes.
This paper is organized as follows. We quantize three Friedmann-Robertson-Walker perfect fluid models in the presence of a negative cosmological constant, using the formalism of quantum cosmology. In Sec. 2, the quantum cosmological model with a perfect fluid as the matter content is constructed in Schutz's formalism [11, 12] , and the WD equation in minisuperspace is Found to quantize the model. The wave-function depends on the scale factor a and on the canonical variable associated to the fluid which plays the role of time T , in the Schutz's variational formalism. We separate the wave-function in two parts, one depending solely on the scale factor and the other depending only on the time. The solution in the time sector of the WD equation is trivial, leading to imaginary exponentials of the type e iEt , where E is the system energy and t = T . In Sec. 3, we outline the Spectral Method [24, 25, 26] , and use it to find the eigenvalues and eigenfunctions of corresponding WD equations. In Sec. 4, we construct wave packets from the eigenfunctions, for radiation, dust, cosmic string and domain wall dominated Universes respectively, and compute the time-dependent expectation values of the scale factors for k = 1, 0, −1. In Sec. 5, we state our conclusions.
Model
Let us start from the Einstein-Hilbert action plus a perfect fluid in the formalism developed by Schutz. For this, we write down the action for gravity plus perfect fluid as
here, K ab is the extrinsic curvature, Λ is the cosmological constant, and h ab is the induced metric over the three-dimensional spatial hypersurface, which is the boundary ∂M of the four dimensional manifold M . We choose units such that the factor 8πG becomes equal to one. The first two terms were first obtained in [7] and the last term of (1) represents the matter contribution to the total action, p being the pressure which obeys the barotropic equation of state p = αρ. In Schutz's formalism [11, 12 ] the fluid's four-velocity can be expressed in terms of five potentials ǫ, ζ, β, θ and S
where µ is the specific enthalpy. S is the specific entropy, and the potentials ζ and β are connected with rotation which are absent of models in the FRW type. The variables ǫ and θ have no clear physical meaning.
The four-velocity also satisfies the normalization condition
The FRW metric
can be inserted in the action (1) , where N (t) is the lapse function and g ij is the metric on the constantcurvature spatial section. After some thermodynamical considerations and using the constraints for the fluid, and dropping the surface terms, the final reduced action takes the form [18] .
where p a = −6ȧa/N and p ǫ = −ρ 0 u 0 N a 3 , ρ 0 being the rest mass density of the fluid. The following additional canonical transformations, which generalizes the one used in [18] ,
simplifies the super-Hamiltonian to, 
We also have the constraint equation H = 0. Choosing the gauge N = a(t), we have the following solutions for the systemä
The classical equation of motion for the scale factor in absent of the cosmological constant is solved in a unified form for any α ∈ [0, 1] in terms of hypergeometric functions in Ref. [27] . Moreover, In the radiation dominated Universe (α = 1/3) with a negative cosmological constants, the classical solutions have been obtained using Jacobi's elliptic sine functions [22] . the WD equation in minisuperspace can be obtained by imposing the standard quantization conditions on the canonical momenta and (
the super-Hamiltonian operator annihilate the wave function (h = 1)
where t = T corresponds to the time coordinate. Equation (12) takes the form of a Schrödinger equation
i∂Ψ/∂t =ĤΨ. Demanding that the Hamiltonian operatorĤ to be self-adjoint, the inner product of any two wave functions Φ and Ψ must take the form [28, 19] (
On the other hand, the wave functions should satisfy the following boundary conditions
The WD equation (12) can be solved by separation of variables as follows
where the a dependent part of the wave function (ψ(a)) satisfies
Since the energy term grows faster than the potential for α < −1, this equation has a discrete spectra (E n ) with associated bound state eigenfunctions (ψ n (x)) only for α > −1.
We construct a general solution to the WD equation (12) by taking linear combinations of the ψ n (a, t)'s,
where the coefficients C n (E n ) will be fixed later. Form pure mathematical point of view, by allowing negative values of a, the Parity operator can be defined. If the WD equation (Eq. 16) is covariant under the Parity operator, its eigenfunctions can be separated into even and odd ones. The even or odd wave packets constructed from appropriate linear combinations of the eigenstates, have the important property that they will not change their parity in the course of their time evolution. Therefore, if we choose the initial wave packets to be odd or even, that is they satisfy either the first or the second condition stated in Eq. 14 respectively, they will satisfy them for all times. We can compute the expected value for the scale factor a for any wave function, using the many worlds interpretation of quantum mechanics. This means, we may write the expected value for the scale factor a as [29] 
Before solving the WD equation (16) (16), for radiation epoch (α = 1/3) in Refs. [22, 23] , respectively.
In Chhajlany and Malnev method [30, 31] , one adds an extra term to the original anharmonic oscillator potential to find a subset of normalizable solutions of the modified Hamiltonian. In the case of equation (16) this extra term is c a 6 where c is constant. Now, the solution can be written as a polynomial where the larger the degree of the polynomial, the smaller the constant, c is. In fact, by increasing the order of polynomial, the energy eigenvalues predicted by this method approach monotonically to the energy eigenvalues of the original Hamiltonian.
On the other hand, to obtain highly accurate numerical results, both for the energy eigenvalues and eigenfunctions, one can use Variational Sinc Collocation Method (VSCM) [32] . It is shown that the errors decay exponentially with the number of elements (sinc functions) used for discretization of the Hamiltonian. Diagonalization of the resulting matrix, by specification of the otherwise arbitrary grid spacing h (spacing between two contiguous sinc functions), yields energy eigenvalues and eigenfunctions. As shown by Amore et al, for a specified number of sinc functions, there exists an optimal value of h which yields the minimum errors [32] .
this optimal value can be found using the Principle of Minimal Sensitivity (PMS) [33] to the trace of the Hamiltonian matrix.
As indicated by Lemos et al, the need for a modified potential instead of the original one in the Chhajlany and Malnev method, gives rise to significant errors, particularly for k = −1 [34] . In fact, VSCM is more uniformly accurate and converges more rapidly than the Chhajlany and Malnev method.
The Spectral Method
In this section we introduce Spectral Method (SM) [24, 25] as a tool for solving differential equation. We have recently used the Spectral Method for constructing the appropriate wave packets which are solutions to a WD equation [26] . This method is simple, fast, accurate and stable.
Let us consider the general time-independent WD equation (EQ. (16)),
wheref andĝ are arbitrary, but with derivative operators less than two. For the usual eigenvalue problem g = 1, which includes the time-independent Schrödinger equation. The method SM can be easily extended to solve the general case whichĝ is a operator in the x space. This generalize problem can be named a generalized eigenvalue problem. Throughout this paper, we only examine the bound states of this problem,
i.e. the states which are the square integrable. The configuration space for most physical problems are defined by −∞ < x < ∞. Since the bound states fall off sufficiently fast for large |x|, a finite region suffices, and the proper choice for this region, say −L/2 < x < L/2. The use of a finite domain is also necessary since we need to choose a finite subspace of a countably infinite basis. We find it convenient to shift the domain to 0 < x < L. In particular, we need to shift the potential energy functions also. This means that we can expand the solution as,
We can also make the following expansions,
where B n B ′ n are coefficients that can be determined oncef andĝ are specified. By substituting Eqs. (20, 21, 22) into Eq. (19) and using the differential equation of the Fourier basis we obtain,
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Because of the linear independence of sin nπx L , every term in the summation must satisfy,
It only remains to determine the matrices B and B ′ . Using Eqs. (21, 22) and Eq. (20) we have,
By multiplying both sides of the above equations by sin nπx L and integrating over the x-space and using the orthonormality condition of the basis functions, one finds,
where,
Therefore we can rewrite Eq. (24) as,
It is obvious that the presence of the operatorsf andĝ in Eq. (19), leads to nonzero coefficients C m,n and C ′ m,n in Eq. (31), which in principle could couple all of the vector elements of A. It is easy to see that the more basis functions we include, the closer our solution will be to the exact one. We select a finite subset of the basis functions i.e. the first N ones, by letting the index m run from 1 to N in the summations. Equation (31) can be written as,
or,
where D and D ′ are square matrices with N × N elements. Their elements can be obtained from Eq. (31).
The solution to this matrix equation simultaneously yields N sought after eigenstates and eigenvalues. It is important to note that the optimized value of L crucially depends on the number of basis functions N (L(N )), which results in the maximum accuracy and the stability of the solutions (for a comprehensive study about the optimization procedure see [25] ).
Results
In this section we will solve the equation (16) 
Radiation (α = 1/3)
In the radiation dominated Universe time-independent WD equation has the following form,
In this form it is obvious that the system is absolutely stable for Λ < 0. Note that equation is covariant under the Parity operator. For ease of comparison of our results with those of Refs. [22, 23] , we select the first condition of the equation (14) and choose the coefficients C n s in equation (17) to be 1 and zero for the odd and even eigenfunctions, respectively. We can find the energy eigenvalues and eigenvectors of this equation with ease using SM wheref = 36kx 2 − 12Λx 4 andĝ = 12 in comparison with Eq. (19) . Table 1 shows the first 26 odd eigenvalues for k = 1, 0, −1 respectively. Figures (1,2,3) show the resulting expectation values of the scale factor a, versus t for the various values of k. As can be seen from the table, the results are as same as those reported in Ref. [23] . To show the arbitrariness in choosing initial odd wave packet, we can use the coefficients of odd coherent state of the quantum simple harmonic oscillator. Figure 4 shows the 3D plot of resulting wave packet for k = 1 case. Table 1 : The lowest calculated energy levels for the cases k = 0, k = 1, and k = −1 in radiation dominated Universe (in all cases, Λ = −0.1).
Dust (α = 0)
In dust dominated Universe time-independent WD equation has the following form,
We can find the energy eigenvalues and eigenvectors of this equation with ease using SM wheref = 36kx 2 − 12Λx 4 andĝ = 12x in notation displayed in Eq. (19) . Table 2 (14. However, we can construct wave packets, from linear combinations of the eigenfunctions, which vanishes at a = 0 and t = 0. Then we need to check that the constraints (Eq. 14 remain valid for all t for our choice of initial condition. For example we can choose the coefficients C n s so as to construct a gaussian initial wave packet (Ψ(a, 0)) which is centered e.g. at a = 1.
Figures (5,6,7) show the resulting expectation values of the scale factor a, versus t for the various values of k.
As can seen from the figures these wave packets always satisfy the first boundary condition (Eq. 14).
In the case Λ = 0, the time-independent WD equation (35) reduces to
In terms of the new variable x = 6a − E we find
Equation (37) is formally identical to the time-independent Schrödinger equation for a harmonic oscillator with unit mass and energy λ:
where 2λ = E 2 /36 and w = 1/6. Therefore, the allowed values of λ are (n + 1/2)w and the possible values of
Thus the stationary solutions are 2 ) in dust regime. 2 ) in dust regime.
where
and H n are the n-th Hermite polynomial.
Cosmic Strings (α = −1/3)
In Cosmic Strings dominated Universe time-independent WD equation has the following form,
This differential equation is covariant under parity operator and hence its eigenstates can be separated into even and odd ones. We can find the energy eigenvalues and eigenvectors of this equation with ease using SM wheref = 36kx 2 − 12Λx 4 andĝ = 12x 2 in comparison with Eq. (19) . Table 3 shows the first 20 eigenvalues for k = 1, 0, −1 respectively. By choosing the first condition of the equation (14), the resulting wave packets should consist of only the odd eigenfunctions. Therefore, the coefficients C n s in equation (17) are arbitrary 2 ) in dust regime. Table 2 : The lowest calculated energy levels for the cases k = 0, k = 1, and k = −1 in dust dominated Universe (in all cases, Λ = −15). As mentioned in the text for every positive eigenvalue there exist a corresponding negative one with identical absolute value. Figure 9 : Behavior of the expectation value of the scalar factor for Λ = −15, k = 0, and C n = 1, 0 for odd and even n, respectively, in cosmic strings regime.
for the odd eigenfunctions zero for the even ones. To be able to extend the results of Refs. [22, 23] for the radiation case to the present one, we choose the same initial state as their's. That is the odd ones are all chosen to be equal to one. Figures (8,9,10) show the resulting expectation values of the scale factor a, versus t for the various values of k.
Domain Walls (α = −2/3)
In Domain Walls dominated Universe (α = −2/3) the time-independent WD equation has the following form,
We can find the energy eigenvalues and eigenvectors of this equation with ease using SM wheref = 36kx 2 − 12Λx 4 andĝ = 12x 3 in comparison with Eq. (19) . Table 4 Figure 10 : Behavior of the expectation value of the scalar factor for Λ = −15, k = −1, and C n = 1, 0 for odd and even n, respectively, in cosmic strings regime. Table 3 : The lowest calculated energy levels for the cases k = 0, k = 1, and k = −1 in cosmic strings dominated Universe (in all cases, Λ = −15). 2 ) in domain walls regime. 2 ) in domain walls regime.
Parity Operator and therefore, its eigenfunctions can not in general satisfy either of the conditions stated in equation (14. However, we can construct wave packets, from linear combinations of the eigenfunctions, which vanishes at a = 0 and t = 0. Then we need to check that the constraints (Eq. 14 remain valid for all t for our choice of initial condition. For example we can choose the coefficients C n s so as to construct a gaussian initial wave packet (Ψ(a, 0)) which is centered e.g. at a = 1.5. Figures (11,12,13) show the resulting expectation values of the scale factor a, versus t for the various values of k. As can seen from the figures these wave packets always satisfy the first boundary condition (Eq. 14).
It is important to note that we have repeated the simulations for all cases 2 ) in domain walls regime.
Conclusions
In for the radiation case in [22] .
